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1 Préambule
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Réalisation numérique

4 Exercices et applications en audio-acoustique

5 Convergence

6 Extension en dimension infinie et application

7 Conclusion



6/ 22

Outline
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Result: Equivalent kernels cn

cn(τ1:n) = an(τ1:n) +bn(τ1:n)
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u
−→ (S ) : dx

dt = F (x ,u) x
−→

?
−→ u

−→ {hn} x
−→

Several methods are available... [Brockett,Isidori,Rugh,Boyd]

Here: Introduce the “canceling system” of S

u

u

x{hn} Canceling system

output: w = dx
dt
−F (x ,u)

w = 0

Principle: this cascade defines the null system u
−→ {zn=0} w =0

−→

Interconnection laws gives the equations satisfied by {hn}.
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Hn(s1:n)Q1(ŝ1:n)

+ k2

n−1

∑
p=1

Hp(s1:p)Hn−p(sp+1:n)

+ −δ1,n = 0 −→ linear eq. w.r.t. Hn.
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General solution: recursive algebraic equation (n ≥ 1)

Hn(s1:n)=

δ1,n −k2

orders < n︷ ︸︸ ︷
n−1

∑
p=1

Hp(s1:p)Hn−p(sp+1:n)

Q1(ŝ1:n)

where Q1(s) = ms2 +as+k1

First transfer kernels (n = 1,2,3,etc)

H1(s1
) = 1/Q1(s1

), (second order AR filter)

H2(s1:2) =−k2 H1(s1) H1(s2) H1(ŝ1:2),

H3(s1:3) =−k2

[
H2(s1:2) H1(s3) + H1(s1) H2(s2:3)

]
H1(ŝ1:3),

etc.
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1 Préambule
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Several methods are available... (realization theory in [Rugh])

Consider the following “elementary system”

u(t) x(t)
Ap

(order p only)

Bq

(order q only)

C1

(linear)

xa(t)

xb(t)

Equivalent system (using “product” & “cascade”)

The Volterra transfer kernels of this system are all zero except

Hp+q(s1:p+q) = Ap(s1:p)Bq(sp+1:p+q) C1(ŝ1:p+q)

Method:

Recursively build a realization as a sum of such systems.
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Example: nonlinear spring

Transfer kernels

H3(s1:3) =−k2

[
H2(s1:2) H1(s3) + H1(s1) H2(s2:3)

]
H1(ŝ1:3)

u(t) zapprox (t)H1
(filter)

z1(t)

−k2 H1
(filter)

z2(t)

−2k2 H1
(filter)

z3(t)

RESULT: The system is composed of sums, products
and

linear systems (filters) (−→ standard digital versions!)

Rk: if linear systems are stable, the system is stable!
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Aliasing rejection in simulations

Product of signals

signal a(t) b(t) c(t) = a(t) b(t)

frequency range (−fa, fa) (−fb, fb) (−fa − fb, fa + fb)

Aliasing rejection

(Global sol.) Oversample the input/Downsample the output:

factor N for a VS truncated at order N.

(Local sol.) Idem with a factor 2 for each product of two

signals.
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In summary...

Derivation of the transfer kernels

1 Use the cancelling system and interconnection laws...

2 ... to transform the weakly nonlinear problem into a infinite

sequence of solvable linear equations

Simulation in practice

1 Truncate the series to catch the first distortions

2 Decompose the kernels into sums of elementary systems

3 Build the corresponding structure composed of linear filters,

sums and products of signals

4 Implement digital versions of the filters

5 Add oversampler/downsampler (aliasing rejection)

Possible generalization to Partial Differential Equations

Same principle (cf. Applications)
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4 Exercices et applications en audio-acoustique

5 Convergence

6 Extension en dimension infinie et application

7 Conclusion



22/ 22

Plan
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